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Abstract

Currently there is no theory of spline curves in hyperbolic space. However

there are well developed theories of spline curves in Euclidean space. There

are also methods for specifying splines on spheres, among which the recently

described weighted averages method of Buss and Fillmore seems to overcome

the shortcomings of the previous methods.

In this project, we designed an algorithm that can draw natural analogues

of Euclidean and spherical spline curves in the hyperboloid using a weighted

average method similar to that of Buss and Fillmore. We then implemented

this algorithm in a graphics program. Since the weighted average splines have

been defined in Euclidean and spherical space, this research would fill a gap

by defining such splines in hyperbolic space, the third of the “classical” ge-

ometries.
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Model (D)[3] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
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1 Introduction

Currently there is no theory of spline curves in hyperbolic space. Over the years,

theories of spline curves in Euclidean space have been well developed. There is also

some work on spline curves on spheres (mostly on the 2- and 3- sphere).

Until recently, the splines considered for use on spheres had shortcomings. In 2002,

mathematicians Samuel Buss and Jay Fillmore used the weighted average method for

spherical splines [1]. Their method uses the weighted average of spherical distances to

control points. It is a natural analogue of that for Euclidean splines and it overcomes

the shortcomings of the previous methods.

In 2002, a UMD Computer Science graduate student, Amit Lath, investigated some

techniques for generating spline curves in the hyperbolic plane [3]. These methods

were similar to the methods used before [1] to produce spherical splines. One such

method is to generate a Euclidean spline (which doesn’t lie on the sphere) and then

renormalize it to lie on the sphere. Such methods work acceptably well for splines

that are small compared to the diameter of the sphere or the natural unit of length

in the hyperbolic plane, but they fail for large splines. Therefore we need to find a

better method for hyperbolic splines.

Buss and Fillmore’s weighted average method in [1] provides a possible solution to

hyperbolic splines. The research of this thesis is to develop a method for spline curves

in hyperbolic space using the weighted average method.
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2 Hyperbolic Geometry

In this chapter, the basic concepts in hyperbolic geometry are explained in order

for readers to fully understand this research. Lath’s thesis [3] has more detailed

information on hyperbolic geometry. An interested reader could refer to his paper for

it.

2.1 Basic Definitions

Model

A model for a mathematical system is an interpretation of the primitive terms that

makes the postulates of that system true statements. A “point”, a “line”, “lies be-

tween”, “is parallel to” are examples of primitive terms in a model for a geometry.

One way to show the consistency of a geometry is to formulate a model for it.

Point

A “point” in real 3-dimensional space is represented by a triplet of real numbers, such

as X = (x, y, z). Such a triplet can also represent a vector in 3-space. This vector

can be visualized as an arrow from the origin O = (0, 0, 0) to X . Thus the terms

“vector” and “point” are interchangeable.

Spline Curves

Spline curves are curves that are specified by a small set of parameters and which have

nice smoothness properties, such as having continuous kth-order derivatives. They

are widely used in drafting and computer-aided manufacturing to specify curves and

surfaces.

Euclidean Inner Product

Consider two vectors X1 = (x1, y1, z1) and X2 = (x2, y2, z2).
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Their Euclidean inner product is defined as:

X1 · X2 = x1x2 + y1y2 + z1z2.

Hyperbolic Inner Product

Consider two vectors X1 = (x1, y1, z1) and X2 = (x2, y2, z2).

Their hyperbolic inner product is defined as:

< X1,X2 >= x1x2 + y1y2 − z1z2.

h-orthogonal

Two vectors X and Y are said to be h-orthogonal if < X ,Y >= 0.

h-normal

A vector A is an h-normal of a plane if A is h-orthogonal to any point that lies on

this plane.

2.2 Models

The Euclidean plane and the sphere can be isometrically embedded in 3-dimensional

Euclidean space, but the hyperbolic plane doesn’t have that property. Therefore, all

models of hyperbolic geometry in Euclidean 3-space have to distort distance. There

are several models for hyperbolic geometry. For example, for the finite models, there

are the Poincaré disk model and the Klein-Beltrami disk model, and for the infinite

models, there are the Weierstrass model and the Poincaré upper-half plane model.

The research here uses the Weierstrass model and the Poincaré disk model, thus we

give a brief introduction to those two models. We will give the interpretations of the

primitive terms of “point”, “line”, “lies on” and “between” given by those two models.

We use the symbol R2 and R3 to represent the Euclidean 2-space and 3-space.

3



Figure 1: A “line” in the Weierstrass Model[5]

2.2.1 The Weierstrass Model

The Weierstrass model is a model which is constructed to prove consistency of hy-

perbolic geometry on a certain surface in Euclidean 3-space.

A “point” is a point (or vector) X = (x, y, z) of R3 such that < X ,X >= −k2, where

z > 0 and k is a measure of the curvature of the hyperbolic plane. All such points

comprise the “upper sheet” of a two sheeted hyperboloid. We call this sheet H 2.

A “line” is the intersection of H2 with a plane through the origin of R3. Such an

intersection is one branch of a hyperbola (Figure 1).

A plane through the origin is given by equation < X, l >= 0, where l is an h-normal

of the plane. There is a vector l such that < l, l >= k2, which means that l is a

point of the single-sheeted hyperboloid with the equation < X, X >= k2. Therefore,

“lines” are in one-to-one correspondence with the vector l on < X, X >= k2. Thus

4



Figure 2: The Weierstrass Model[5]

we can refer to a “line” by l or giving its equation < X, l >= 0.

A point X of H2 “lies on” the line l if and only if < X , l >= 0.

Given three distinct points A, B, and C on a line, we say C “lies between” A and B

if when the line is traversed in either direction, the three points are encountered in

the order ACB or BCA.

Now let’s define the distance in H2.

The Lobachevskian distance between two points P and Q of H2 is the unique

non-negative number d = dPQ satisfying

cosh
d

k
= − 1

k2
< P, Q > .
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Figure 3: The Poincaré Disk Model[3]

2.2.2 The Poincaré Disk Model

The Poincaré disk model is a conformal model which means that the hyperbolic

measure of the angles is the same as their Euclidean measure. However, distance is

distorted.

A “point” in the Poincaré disk model is a point X = (x, y) in R2, such that x2+y2 < 1.

Such points comprise the interior of a circle in R2 with center at the origin and unit

radius. The points on the circumference of this circle are not included in the model.

We will call this circle D or “the Poincaré disk”.

A “line” is a set of interior points of D that constitute an arc of a circle that is or-

thogonal to D. Open diameters of D (arcs of a circle of infinite radius and obviously

intersect D orthogonally) are also “lines”.

The terms “lies on” and “lies between” have the same meanings as in the Euclidean

case.
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Figure 4: Isomorphism between the Weierstrass (H2) and the Poincaré Disk Model

(D)[3]

In Figure 3, there are three lines in the Poincaré disk model. We say that l and n are

divergently parallel, l and m are asymptotically parallel, and m and n are intersecting.

2.2.3 Isomorphism between the Weierstrass and the Poincaré Disk Model

The Weierstrass model is where we do all our calculations and the Poincaré disk

model is where we display the visual results. The isomorphism between those two

models is as follows:
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Pick a point arbitrarily on the Weierstrass model with coordinates (x, y, z). Its

corresponding point on the Poincaré disk model has coordinates (u, v). The relation-

ships between those two points are

u =
x

1 + z
,

v =
y

1 + z
,

(1)

and

x =
2u

1 − u2 − v2
,

y =
2v

1 − u2 − v2
,

z =
1 + u2 + v2

1 − u2 − v2
.

(2)
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3 Parametric Curves

3.1 Representations of a Curve in 3-Dimensional Euclidean

Space

There are several ways to represent a curve in 3-dimensional Euclidean space math-

ematically, as described in Computer Graphics: Principles and Practice [2].

In the first way, “the function form”, we express y and z as explicit functions of x, so

y = f(x) and z = g(x). It has some disadvantages. (1) For a single x, it is impossible

to get multiple values of y and z. Therefore it is not a good way to represent curves

like circles and ellipses. (2) This kind of definition is not rotationally invariant. Much

calculation is required to describe a rotated version and it may be necessary to break

a curve into many segments. (3) A slope of infinity is difficult to represent, therefore

describing a curve with a vertical tangent is difficult.

In the second way, we use an implicit equation of the form f(x, y, z) = 0 to represent

curves. This method may give more solutions than we want. It also has the diffi-

culty of determining if two intersecting curves are tangent at the point of intersection.

In computer graphics, people tend to use parametric curves because of their advan-

tages over the functional and implicit forms. It overcomes the difficulty of representing

curves with vertical slopes by replacing the use of geometric slopes with parametric

tangent vectors. It also makes it possible to have multiple values of y and z for a

given x. It provides other advantages too.
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3.2 Parametric Cubic Curves

Parametric cubic curves are the most used parametric forms of representing a curve

in 3-dimensional Euclidean Space. It is because lower-degree polynomials give little

flexibility in controlling the shape of the curves, and higher-degree polynomials may

introduce unwanted wiggles and are computationally more expensive.

The general form of a 3-dimensional parametric cubic curve segment Q(t) = [x(t) y(t) z(t)]

is

x(t) = axt
3 + bxt

2 + cxt + dx,

y(t) = ayt
3 + byt

2 + cyt + dy,

z(t) = azt
3 + bzt

2 + czt + dz, 0 ≤ t ≤ 1.

(3)

The curve Q(t) can be represented as the product of two matrices, Q(t) = T · C,

where T = [t3, t2, t, 1] and the coefficient matrix C can be rewritten as C = M · G,

where M is a 4 × 4 basis matrix, and G is a 4-element column matrix, in which the

elements are geometric constraints.

Q(t) = [x(t) y(t) z(t)]

= T · M · G

= (t3 t2 t 1)





















m11 m12 m13 m14

m21 m22 m23 m24

m31 m32 m33 m34

m41 m42 m43 m44









































G1

G2

G3

G4





















.

(4)

The elements of M and G are constants, therefore the product is just cubic polyno-

mials in t.
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Figure 5: Two Bézier Curves[2]

Expanding x(t), we get:

x(t) = (t3m11 + t2m21 + tm31 + m41)g1x

+(t3m12 + t2m22 + tm32 + m42)g2x

+(t3m13 + t2m23 + tm33 + m43)g3x

+(t3m14 + t2m24 + tm34 + m44)g4x.

(5)

From equation (5), we can see that the curve is a weighted sum of the elements of

the geometry matrix.

3.3 Bézier Curves

Bézier curve (named after mathematician Pierre Bézier) is a form of the cubic poly-

nomial curve segment. It specifies four control points in which the two intermediate

points are not on the curve.

Euclidean Bézier curves are represented as

Q(t) = T · MB · GB

= (1 − t)3P1 + 3t(1 − t)2P2 + 3t2(1 − t)P3 + t3P4,
(6)

where MB is Bézier basis matrix, GB is Bézier geometry vector, P1, P4 are two end

points on the curve, and P2, P3 are two intermediate points which are not on the

curve. The tangent vectors at the two end points are determined by vectors P1P2 and

P3P4.
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We can represent Bézier curves as the weighted average

Q(t) = w1P1 + w2P2 + w3P3 + w4P4, (7)

where the weights are w1 = (1 − t)3, w2 = 3t(1 − t)2, w3 = 3t2(1 − t), w4 = t3.

In this research, we use Bézier curves as the form of hyperbolic splines.
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4 The Weighted Average Algorithm for Hyper-

bolic Splines

Over the years, some algorithms have been developed for splines on the sphere. In

2001, mathematicians Samuel Buss and Jay Fillmore developed a weighted average

algorithm for spherical splines [1]. Their algorithm overcomes the shortcomings of

the previous methods in this area and provides a possible solution for splines in hy-

perbolic space.

Buss and Fillmore’s method for calculating the weighted averages on spheres is based

on “least squares minimization that respects spherical distance”. They proved the

existence and uniqueness of the weighted averages and also gave two iterative algo-

rithms, one with linear convergence rate, the other with quadratic convergence rate.

An interested reader can refer to [1] for their entire work.

4.1 Hyperbolic Isometric Transformations

We think the weighted average algorithm could be a solution for hyperbolic splines.

The goal of this research is to develop a weighted average algorithm with linear con-

vergence rate for hyperbolic splines which is similar to the one for spherical splines.

In order to develop the algorithm, first we need to define some basic ideas and give

some transformation matrices.

We use Bézier curves as the form of our hyperbolic splines, therefore we need four

control points pi = (xi, yi, zi) on the hyperboloid, where i = 1, .., 4. Let w1, ..., w4 be

weights of Bézier curves, where wi ≥ 0 and
∑

4

i=1 wi = 1.

The Euclidean weighted average q is

13



q =















xq

yq

zq















=















∑

4
i=1 wixi

∑

4

i=1 wiyi

∑

4

i=1 wizi















=
4

∑

i=1

wipi.

The length of q is

‖ q ‖=‖
4

∑

i=1

wipi ‖=
√

z2
q − x2

q − y2
q .

In order to transfer points between the Weierstrass hyperboloid and the tangent plane

to it at q = (0, 0, 1), we need two functions expq() and lq().

The “exponential” function expq() is a function which maps a point p with coordinates

(u, v) on the tangent plane to the point expq(p) = (x, y, z) on the hyperboloid, where

x = u · sinh r

r
, y = v · sinh r

r
, z = cosh r,

and

r =
√

u2 + v2.

The “logarithm” function lq() is the inverse of expq(). It maps a point p with coor-

dinates (x, y, z) on the hyperboloid to the point lq(p) = (u, v) on the tangent plane,

where

u = x · θ

sinh θ
, v = y · θ

sinh θ
,

and

θ = cosh−1(z).

It is easy to see that expq(lq(p)) = p.

Now we introduce some transformation matrices. The goal is to transfer an arbitrary

point (x, y, z) on the hyperboloid to the “origin” o = (0, 0, 1).

14



Let p be an arbitrary point with coordinates (x, y, z) on the hyperboloid . Let p′ be

the projection point of p on the xz-plane; p′ has coordinates (x, 0, z). Let θ be the

angle between p and the xz-plane. Let d be the distance between p′ and the origin o

on the hyperboloid.

Let cos θ =
x

r
, sin θ =

y

r
where

√
x2 + y2 = r.

From Figure 6, we get














x

0

z















=















sinh d

0

cosh d















.

The reflection in bisector of Figure 6 is given by















− cosh d 0 sinh d

0 1 0

− sinh d 0 cosh d















.

The reflection across the yz-plane is given by















-1 0 0

0 1 0

0 0 1















.

The translation of the point p′ = (x, 0, z) of the xz-plane to the origin o = (0, 0, 1) is

given by
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Figure 6: Point p on the Hyperboloid
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Trans(d) =















-1 0 0

0 1 0

0 0 1





























− cosh d 0 sinh d

0 1 0

− sinh d 0 cosh d















=















cosh d 0 − sinh d

0 1 0

− sinh d 0 cosh d















=















z 0 -x

0 1 0

-x 0 z















.

Since the translation is on the xz-plane, y = 0, r =
√

x2 + y2 =
√

x2 = x. Therefore,

Trans(d) =















z 0 -r

0 1 0

-r 0 z















. (8)

The matrix for rotating by the angle of θ is given by

Rot(θ) =















cos θ − sin θ 0

sin θ cos θ 0

0 0 1















.

The matrix for rotating by the angle of −θ is given by

Rot(−θ) =















cos θ sin θ 0

− sin θ cos θ 0

0 0 1















.

17



Replacing cos θ and sin θ with
x

r
and

y

r
, we get

Rot(θ) =















x

r
−y

r
0

y

r

x

r
0

0 0 1















, (9)

Rot(−θ) =















x

r

y

r
0

−y

r

x

r
0

0 0 1















. (10)

To project the point p with coordinates (x, y, z) to the xz-plane to get p′ = (x, 0, z),

apply the matrix Rot(−θ) to p,















x

r

y

r
0

−y

r

x

r
0

0 0 1





























x

y

z















=















x2 + y2

r

0

z















=















r

0

z















.

Therefore to transfer an arbitrary point p to the origin o on the hyperboloid, we can

first project it onto the xz-plane to get p′ by matrix Rot(−θ), then move p′ to the

origin o by matrix trans(d), then rotate it back by matrix Rot(θ) as follows:

The translation matrix T of transferring an arbitrary point p with coordinates
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(x, y, z) to the origin o is:

T = Rot(θ) · trans(d) · Rot(−θ)

=















x

r
−y

r
0

y

r

x

r
0

0 0 1





























z 0 -r

0 1 0

-r 0 z





























x

r

y

r
0

−y

r

x

r
0

0 0 1















=

















x2z + y2

r2

xy(z − 1)

r2
−x

xy(z − 1)

r2

y2z + x2

r2
−y

−x −y z

















.

(11)

4.2 Algorithm for Hyperbolic Weighted Averages

In Buss and Fillmore’s paper [1], they defined the weighted average as “the result of a

least squares minimization, namely, as the point C on Sd that minimizes the value:”

f(C) =
1

2

∑

i

wi · distS(C, pi)
2,

where distS() is the length of the shortest geodesic between points C and pi on Sd

(Sd is the d-dimensional unit sphere in Rd+1).

They proved the existence and uniqueness properties of the weighted average in The-

orem 1:

Theorem 1

Suppose the points p1, ..., pn all lie in a hemisphere H of Sd, with at least one point

pi in the interior of H with wi 6= 0. Then the function f has a single critical point q
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in H, and this point q is the global minimum of f .

They also proved another theorem:

Theorem 2

Let q be a critical point of f , with q not antipodal to any pi. Then

n
∑

i=1

wi(lq(pi) − q) = 0.

The research here exchanges Sd for hyperbolic space and develops an algorithm sim-

ilar to the one in [1]. It is a linear convergence rate algorithm. It iterates to search

for a point q which satisfies the condition specified in Theorem 2.

Here is the weighted average algorithm for hyperbolic splines.

Algorithm

Inputs: Points p1, p2, p3, p4 on the hyperboloid.

Output: A set of weighted averages which constitute the spline specified by points

p1, p2, p3, p4.

Main Loop:

For t = 0, 1/16, 2/16, ..., 1

w1 = (1 − t)3,

w2 = 3t(1 − t)2,

w3 = 3t2(1 − t),

w4 = t3.

Initialization: Set q =

∑

4

i=1 wipi

‖ ∑

4

i=1 wipi ‖
.
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Inside Loop:

For i = 1, ..., 4

pi = Tpi.

Set p∗i = lq(pi).

Set u =
∑

4

i=1 wip
∗

i .

Set q = expq(u).

Get the new T from the new q.

If ‖ u ‖ is small enough, output q and halt.

Otherwise continue looping.

q = T−1q.

The algorithm calculates the data for the shape of a hyperbolic spline if the four

control points are provided. The first and forth points are end points of the spline,

while the second and third points are intermediate points which control the shape of

the spline. In the algorithm, t is a parameter which is used to calculate the weights

of Bézier curve. We let t be in the range of [0, 1], therefore at t = 0, the weighted

average is just the first control point, and at t = 1, the weighted average is just the

forth control point. When t is changing between 0 and 1, as in the outside loop in

the algorithm, all the weighted averages calculated by the algorithm constitute the

spline specified by those four control points.

In the algorithm above, first we give the weighted average an initial value. Here we

let it be the normalized Euclidean weighted average

q =

∑

4

i=1 wipi

‖ ∑

4

i=1 wipi ‖
.

We need to get the translation matrix T of the weighted average q which translates

q to the origin. This translation makes the calculations easier because we then can

do all the calculations on the tangent plane of q. The four control points pi get

translated as well, therefore we need to apply T to those four control points too.
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Then, the algorithm maps the transferred control points to the tangent plane at q

by function lq(pi). We calculate the Euclidean weighted average u in the tangent

plane, then map it back to the hyperboloid by function expq(u). According to [1],

the vector u is actually the negative of the gradient ∇f(q) of f at q. Therefore, the

inside loop moves q in the direction of the steepest descent. This algorithm gives a

linear convergence rate which is what we observed in our experiments.

4.3 Transformation between the Visual Plane and the Hy-

perboloid

The hyperbolic splines are displayed on a 2-dimensional plane like a computer monitor

screen or a piece of paper, but the whole calculations for the weighted averages is on

the 3-dimensional hyperboloid. Therefore we need to use different hyperbolic models.

The Poincaré disk model can be the 2-dimensional plane on which we visually display

the splines. The Weierstrass model can be the model for the hyperboloid on which we

do all the calculations. Therefore the transformation between the visual plane and

the hyperboloid is just the transformation between the Poincaré disk model and the

Weierstrass model which is defined in section 2.2.3.

If the algorithm of this thesis is used by a computer program, transformation between

the visual plane and the hyperboloid becomes inevitable. The user friendly interface

of the computer program may have the function which allows the user to click four

points on the screen, then draw a hyperbolic spline defined by those four points. The

points the user clicked on the screen are 2-dimensional. We need to transfer them

to 3-dimensional points by equation (2) in order for our algorithm to use. After

calculation, the algorithm provides results in 3-dimensional. We need to use equation

(1) to transfer them back to 2-dimensional data and draw the spline on the screen.
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4.4 C Program to Calculate Hyperbolic Spline Data

Using the algorithm discussed in this reseach, a C program called spline.c is written

to calculate the spline for any given four control points. The first and fourth points

are the end points of the spline, and the two intermediate points control the shape of

the spline.

This program can be used by itself if the user provides four control points and defines

the output format. It can also be used with Professor Douglas Dunham’s hyperbolic

pattern generating program in which there is a button to draw hyperbolic splines.

The user can click the button, then click any four points on the canvas within the

Poincaré disk. The hyperbolic spline defined by those four points will be generated

on the canvas. The research in this thesis fills the void of generating hyperbolic spline

curves for his program.

The source code of the C program can be found in the Appendix.
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5 Results and Analyses

We have implemented the algorithm in Professor Dunham’s hyperbolic pattern gener-

ation program. His program creates a pattern composed of hyperbolically congruent

copies of a basic subpattern. This section gives some graphic results of hyperbolic

splines from his program.

In order to see the difference between hyperbolic and Euclidean splines, we let the

program draw a subpattern which consists of four lines defined by four control points

given by the user. For the four points, we generate a hyperbolic spline, a Euclidean

spline, a Euclidean polyline which connects four points in order, and a hyperbolic

polyline which connects the points in order.

5.1 Splines and Their Tangents at Ends

Figures 7 to 9 give graphic results of one hyperbolic spline and its corresponding

Euclidean spline defined by four given control points. Figure 7 shows four different

kinds of lines, a hyperbolic spline (red), a Euclidean spline (green), a hyprbolic poly-

line (blue) and a Euclidean polyline (magenta). In Figure 8, only the hyperbolic spline

(red) and the hyperbolic polyline (blue) are shown. In Figure 9, only the Euclidean

spline (green) and the Euclidean polyline (magenta) are shown. From the graphs, we

can see that the hyperbolic spline is tangent to the hyperbolic polyline at the first

and fourth point (Figure 8), while the Euclidean spline is tangent to the Euclidean

polyline at those two points (Figure 9).

Figures 10 to 21 give similar graphic results for four other hyperbolic splines.
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Figure 7: Spline 1
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Figure 8: Hyperbolic Spline (red) and Hyperbolic Polyline (blue)
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Figure 9: Euclidean Spline (green) and Euclidean Polyline (magenta)
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Figure 10: Spline 2
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Figure 11: Hyperbolic Spline (red) and Hyperbolic Polyline (blue)
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Figure 12: Euclidean Spline (green) and Euclidean Polyline (magenta)
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Figure 13: Spline 3
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Figure 14: Hyperbolic Spline (red) and Hyperbolic Polyline (blue)
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Figure 15: Euclidean Spline (green) and Euclidean Polyline (magenta)
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Figure 16: Spline 4
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Figure 17: Hyperbolic Spline (red) and Hyperbolic Polyline (blue)
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Figure 18: Euclidean Spline (green) and Euclidean Polyline (magenta)
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Figure 19: Spline 5
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Figure 20: Hyperbolic Spline (red) and Hyperbolic Polyline (blue)
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Figure 21: Euclidean Spline (green) and Euclidean Polyline (magenta)
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5.2 Hyperbolic and Euclidean Splines

Figures 22 to 31 give five sets of comparisions between hyperbolic splines (red) and

Euclidean splines (green).
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Figure 22: Spline 6
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Figure 23: Hyperbolic Spline (red) and Euclidean Spline (green)
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Figure 24: Spline 7
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Figure 25: Hyperbolic Spline (red) and Euclidean Spline (green)
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Figure 26: Spline 8
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Figure 27: Hyperbolic Spline (red) and Euclidean Spline (green)
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Figure 28: Spline 9
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Figure 29: Hyperbolic Spline (red) and Euclidean Spline (green)
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Figure 30: Spline 10

49



Figure 31: Hyperbolic Spline (red) and Euclidean Spline (green)
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5.3 Observation

One observation is that if the original hyperbolic spline drawn is close to the origin

(the center of the Poincaré disk in graphs), it is very close to the corresponding Eu-

clidean spline. Meanwhile, the corresponding hyperbolic and Euclidean polylines are

very close to each other too. That is the same as we expected, since the closer to

the origin, the more similar hyperbolic space is to Euclidean space. We can see some

results from Figures 32 to 35.

5.4 Invariance

Hyperbolic distance is invariant under hyperbolic isometries. Therefore we expect

that hyperbolic splines will be invariant too, since they are defined in terms of hyper-

bolic distance.

We designed an experiment to verify it. In the experiment, we still use Professor

Dunham’s hyperbolic pattern generation program. The first method (call it Method

1) we used to create patterns of hyperbolic splines is that we transfer a subpattern

of four control points to get patterns of control points. Then for each four control

points, we call spline.c to calculate the hyperbolic spline data and draw them. The

second method (call it Method 2) is that we only call spline.c once to draw the first

spline. We then transfer the data for that spline to get repeated patterns of splines.

We programmed both methods and did an experiment. Figure 36 is the result of

using Method 1, and Figure 37 is the result of using Method 2. From the results, we

can see that both methods produce exactly the same hyperbolic splines. The data

for the splines are the same at least for the first four decimal places. That is exactly

what we expected since distance in hyperbolic space is invariant. This experiment

confirmed the invariance of hyperbolic splines under conformal self-maps.
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Figure 32: Spline 11
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Figure 33: Spline 12
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Figure 34: Spline 13
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Figure 35: Spline 14
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Figure 36: Spline 15 using Method 1
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Figure 37: Spline 16 using Method 2
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5.5 An Application with the Hyperbolic Fish Pattern

This section shows the result of applying our algorithm to Professor Dunham’s hyper-

bolic fish pattern. Figure 38 is Professor Dunham’s original hyperbolic fish pattern.

From the graph, we can see that the border line between the fish body and its tail

is composed of many small straight lines. Figure 39 is a revised fish pattern. The

border line between the fish body and its tail is a polyline with four control points.

Applying our algorithm, the program draws a hyperbolic spline with the same four

control points as in Figure 39. We can see the result in Figure 40. From the compar-

ison of the three graphs, the improvement by hyperbolic splines in this case is quite

noticeable. Thus, we can apply this new algorithm to fish body lines, make the shape

nice and smooth and therefore the whole pattern look better.
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Figure 38: Original Fish Pattern
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Figure 39: Original Fish Pattern with Four Control Points
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Figure 40: New Fish Pattern with Splines
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6 Possible Future Work in this Area

In Buss and Fillmore’s paper [1], they provided two different algorithms to calcu-

late a spherical weighted average. One is a linear convergence rate algorithm, the

other is a quadratic convergence rate algorithm which uses Newton descent to find a

critical point of the function f . The research here only investigated the linear con-

vergence rate algorithm which is an analogue of that for spherical splines. However,

the quadratic convergence rate algorithm for hyperbolic splines was not investigated.

In [1], Buss and Fillmore experimented with both algorithms and concluded that the

quadratic convergence rate algorithm is substantially faster than the linear conver-

gence rate algorithm in lower-dimentional spheres. We are thinking that the quadratic

convergence rate algorithm could also be a good algorithm for hyperbolic splines and

may provide better computation time. Therefore we could do some future work in

this area.

Another area of possible future work lies in the form for hyperbolic splines. The

research here uses Bézier curves as the representations for hyperbolic splines, which

is

Q(t) = w1P1 + w2P2 + w3P3 + w4P4,

where the weights are w1 = (1 − t)3, w2 = 3t(1 − t)2, w3 = 3t2(1 − t), w4 = t3.

We could investigate some other weighting functions such as those for Hermite curves

and B-splines [2].
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7 Conclusion

Since weighted average splines have been defined in Euclidean and spherical space,

this research fills a gap by defining such splines in hyperbolic space, the third of the

“classical” geometries.

An immediate contribution is that it provides Professor Dunham with accurate hy-

perbolic spline curves for his hyperbolic pattern generating program. More generally,

this research might lead to an understanding of weighted average spline curves in

Riemannian manifolds.
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